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Pers. Differensial Hermite

Persamaan Hermite

yi — X%y, = —(2n+ Dy, - (D)
untukn =0,1, 2, ...
Solusi Hermite dapat dicari dengan metode
operator.

Ditulis operator AZ_ b
i [A_mj(curb:)



Metode Operator

d d
(D—x)(D+x)y = (E—x><dx+x>y
d dy
() (@)
d (dy dy
_dx<dx+xy>_ (dx-l_xy)
d?y dy dy

P Y/
dx2+y+xdx xdx X<y =y Xy +y

Hubungkan dengan pers. Hermite:
(D—x)(D+x)y, =—-2ny, . (2)




Metode Operator

b b d d
000 = (% 42) (L)
d dy
(&)@

d (dy dy
=dx<dx_xy>+x<ﬁ_xy>
d’y dy = dy
W—y—xa+xa—x y=y" —x%y—y
Hubungkan dengan pers. Hermite:

D+x)(D—x)y,=—-2n+1y, ..(3)




Resume

(D—x)(D+x)y, =—2ny, . (2)
D+x)(D—x)y,=—-2n+1)y, ..(3)
Sekarang, ganti y,, di ruas kiri pers. (3) dengan
(D + x)y,:
(D +x)(D —x)(D +x)ym = (D +x)(=2m)yy,
=-2m D + x)y,, .. (4)
Kemudian, ganti y,, di ruas kiri pers. (2) dengan
(D — x)ym:
(D —x)(D +x)(D = x)yym = (D — x)(—2(m + 1) )ym,
=-2m+1)D —x)y,, ...(5)



Amati Pers. (4) dan (5)

(D +x)(D = x)[(D + x)ym] = =2m[ (D + x)ym]
(D —x)(D +x2)[(D = x)ym] = =2(m + D[(D — x) ]
Bandingkan dengan
(D +x)(D — x)yy
(D —x)(D + x)yy
Kita dapat lihat
Ypm=D+x)y, > n+1l=m ->n=m-—1
Vn = (D — X)ym »n=m+1

—2n+ 1y, ..(3)
—2n yy, ..(2)

Jadi,
Ym—1 = (D +x)y,, — (D+x) — lowering operator
Yme1 = (D —x)y,, — (D—x) - raising operator



n=~0

Pers. Hermite:
D—-—x)D+x)y, =—-2ny, ..(2)

Untuk n = 0:

(D—x)(D+x)y, =0
(D+x)y, =0
Dyo+xyy =0
dyo _ _
ddx Yo
ﬂ——xdx
Yo
d
ﬂ=—dex
Yo
nye = 4 ¢
nyg = 5



Fungsi Hermite

Aplikasikan operator (D — x) sebanyak n kali terhadap y,
untuk mendapatkan y,,:

Yo = (D= x)"y = (D —x)"e™/?
Atau
Yo =¥ /2D (e™)
Beberapa fungsi Hemite:
Yo =¢€
y1 = —2xe”
y, = 2(2x% — 1)e™*"/2

x%/2
x%/2



Proof

Buktikan y,, = ex*/2 D"(e‘xz)
exz/ZD(e‘xz/zf(x)) = exz/z[—xe‘xz/zf(x) + e‘xz/sz(x)]
= e*"/2e™/2[D —x]f (x) = (D — x)f (x)
Substitusikan f (x):
fx) =D —x)g(x)
(D —)f(x) = (D —x)*g(x) = e /2D (e™/2f (x))
= exz/ZD(e‘xz/Z(D —x)g(x))
— exZ/ZD(e—xz/zexz/zD(e—xz/zg(x))) — exz/ZDZ (e—xz/zg(x))
Lanjutkan sampai ke-n:
(D — x)"g(x) = e*/2D" (e**/2g(x))
Sekarang,
y, = (D — x)ne—xz/z — exZ/ZDn(e—xz)



Polinomial Hermite

Jika fungsi Hermite dikalikan dengan (—1)" eX"/2

diperoleh polinomial Hermite:
(=)™ exz/zyn = (-1)" exz/zexz/z Dn(e—xz)
H,(x) = (=1)" e*" D*(e™*")

Beberapa polinomial Hermite:

Hy(x) =1

H (x) =—2x

H,(x) = 4x?% — 2

dst.



Pers. Diff. untuk Polinomial Hermite

Yn = e_xZ/ZHn(x)

y! = —xe X /2H 4 e */2H! = (H — xH,)e */?
yi = (Hy — Hy — xHp)e™ /2 — x(Hy, — xHyp)e ™ /2

= (HY — 2xH), + (x? = 1)H,)e™*"/2

Substitusikan ke pers. Diff. Hermite
Vi — XZYn +(@n+1)y,=0
(H! — 2xH! + (x2 — 1)H,)e > /2 — x2H _e=**/?
+(2n+ DH, e */2 =0
(H! — 2xH), + 2nH,)e™* /2 = 0
H! — 2xH! + 2nH, = 0



Ortonormalitas Fungsi Hermite

O O

meYn dx = f e_szm(x)Hn(x)dx
) _ {O _,untukm;én
-~ (Wm2™n!  untukm = n

Kita akan buktikan ortogonal fungsi Hermite:

00

f e‘szm(x)Hn(x)dx = 0 untukm # n.

— 0O



Proof of Ortogonality

Tulis pers. Untuk polinomial Hermite:
H! — 2xH, + 2nH,, = 0
e**D(Hje ™) +2n H, = 0
e* D(Hjpe™") + 2m Hp, = 0

e* Hy,D(Hje ™) + 2n HyHy, = 0
e* H,D(Hpe ™) + 2m HyyHy = 0

e**[H,,D(Hpe ") — H,D(Hjpe™")| = 2(n — m)Hp, H,,



Proof of Ortogonality (2)

e*’|H,D(Hpe™ ) — HyD(Hpe™")] = 2(n — m)Hy, H,
e*" D[(HmHj), — HyHpNe ™ | = 2(n — m)H, Hy,
d / IN . —x 2 A2
T [(HmHn — H,H,, )e™ ] =2(n—m)e™ H,H,
Integralkan dari x = —oo sampai x = co:

[y, = HoDe ™" = 20=m) [ e HypHnd

0=2(n—m) j e‘szmHndx
Jika m # n, maka

j e " H_H,dx =0



Generating Function and Recursion
Relation

Generating Function
0 h) = 2xh —h? _ H h_n
(e, h) = P = ) Hy () —
n=0 '

Rumus Rekursi
Hy(x) = 2n Hy_q(x)
Hypy1(x) = 2x Hp(x) — 2n Hy_1(x)



Pers. Diff. Laguerre

xy"+(1—-x)y' +py=0
dengan p suatu bilangan bulat.
Untuk mencari solusi gunakan solusi deret:

Asumsi:
(00)
_ 2 L THS

00

2 + )a, xSl

= E(n +s)(n+s—1)a,x"s72
n=0



Solusi Deret

Dengan menggunakan asumsi deret, pers. Laguerre:
xy" + (1 —=x)y' +py = 0

z m+s)(n+s—Da, xS 1+ z (n + s)a,xn*ts1

n=0
z (n+ s)a,x™*s + z pa,x™s =

z (n+ s)%aq,x™t571 + z (p —n—s)a,x"s =
n=0 n=0

oo

z (n+ s)?a,x"S1 + Z(p —n—s+1Da,_x"5"1 =0

n=0 n=1



Solusi Deret (2)

Untuk n = O:
(0 + 5)?agx’ts 1 =0
s?2 =0
s=0
Untuk n > O:

(0.0) (0.0)
Z n?a,x"" 1 + Z(p —n+1Da,_x"1=0
n=1 n=1

Z [n‘a,+ (p—n+ Da,_{]Jx"1=0
n=1

n‘a, +(p—n+1a,_, =0



Solusi Deret (3)

na, =—-(@-n+Day,
(p—n+1)
An = — 2 An—1
Koefisien bagin > 0:
p
1= 772% = P4
(-1 pl-1
-2  pp-DpE-2)
a3 =~ 32 dr =~ 122232 Qo
-1 —2).(p—m+1
0 = (_an(p p—2)..( ) .

(n!)? 0



Solusi Deret (4)

—1 —1 — 2
Yy = Qg (1_px+p((2;!)2)x2_p(p (3?)(5 )x3+---
N (_1)np(p ~Vp-2).(p-n+l) , )
(n!)?

Jika p = n, diperoleh Polinomial Laguerre:

nn-—1) nn—1)(n-—2)
L,=1—nx+ IE x% — €DE x3 4 -

(=1D)"

n!

+ x™



Polinomial Laguerre

LO=1
Ll =1_x
2 1
Z—sz =1—2x+§x2

3.2 5 3.2.1 )
Ly = 1—3x+2—2x (3!)2x

3 1
-1 — A2 N3
3x+2x 6x

L2=1_2x+




Rumus Rodrigues, Ortonormalitas, dan Generating
Function untuk Polinomial Laguerre

1
L,(x) = — e* D" (x"e™)

Ortogonormalitas fungsi Laguerre:

0.0)

f e Ly () Ly (x)dx = Smp

0
Generating Function:

—xh/(l h)

O (x, h) = Z L, (x)h"




Rumus Rekursif Bagi Polinomial
Laguerre

Ln+1(x) = Ln(x) + Ly (x) =0

(Tl + 1)Ln+1(x) o (Zn +1-— X)Ln(X)
+nl, 4(x)=0

xLy,(x) —nL,(x)+nL,_1(x)=0




Associated Laguerre Equation

xy'+(k+1—x)y'+ny=0
Memiliki solusi
y = LE(x) = (—1)*D*L 4 (x)

Rumus Rodrigues
—kex

LK (x) = - D™ (x"tke*)

n!



Rumus Rekursif Bagi Associated
Laguerre Polinomial

m+ DL (x)— 2n+k+1—x)LE(x)
£+ KLk (x) = 0

xDLE(xX) —nLE(x)+ (n+k)LE_(x) =0



Ortogonormalitas Associated Laguerre
Polinomial

0.0)

f x® e ™ LK (x)LK, (x)dx

0
0, jikam #n

=<(n+k)!
n!

Jjlkam =n
f xktle 2 [LX(x)]?dx=Cn+k+1)
0

(n+k)!
n!




